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ABSTRACT

We give sufficient conditions for domains to satisfy Sobolev inequalities of
single exponential type. Earlier work in this area imposed more stringent
conditions on the domains and is thus contained in our results. Moreover,
the class of functions considered is based on L™ log®”™ L witha < 1-1/n, n
being the dimension of the underlying space. The limiting casea = 1-1/n
gives rise to an inequality of double exponential type which is shown to
be valid in a large class of irregular domains. This inequality is new even
in smooth domains.

1. Introduction

In the last decade, considerable attention has been paid to the validity of classical
Sobolev inequalities and embeddings when the underlying bounded domain D in
R"™ (n > 2) need not have a smooth boundary dD: see, for example, (8], [6],
[12]. Most of this work has been concerned with the situation in which the target
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space of the embedding is of Lebesgue or Holder type. Much less is known about
the position in limiting cases. Thus if 8D is smooth, it is a familiar fact that
the Sobolev space W,l(D) is embedded in the Orlicz space Ls(D) with Young
function ¢ with values which behave like exp(t™ (=) for large values of the
argument ¢: see, for example, [23], [19], [22], [1]. This embedding for Hélder
domains has been considered in [21]. The case when the Sobolev space W1, (D)
is embedded in the Orlicz space Lg(D) with ¢(t) = exp(t*+9)"), € > 0, is studied
in [4]. For any exponent p, 1 < p < oo, we write p’ = p/(p — 1). We consider
here, on the one hand, spaces of functions that are larger than W}(D), but are
contained in (), <p<n Wr} (D), and, on the other hand, also spaces of functions
that are smaller than W (D), but each W} (D) with p > n is contained in them.

Our principal object in this paper is to give conditions on D which are sufficient
to ensure Sobolev inequalities yet allow the boundary of D to be quite rough.
The first main result concerns a ¢y-John domain, by which we mean a domain D
in R™ such that there exist zo € D and ¢y € (0,1] with the property that every
z € D can be joined to z¢ by a rectifiable curve v : [0,I] — D, parametrized by
arc length, with d(v(t),8D) > cot for all t € [0,!]. The class of such domains is
wide, and includes Lipschitz domains and the Koch snowflake. We show that if
D is a bounded c,-John domain and « is a function on D such that

1/n
I(a,D) := (/D IVu(z)|" log™" (e + |Vu(z)]) d:c) < o0

for some a < 1—1/n, then there are constants ¢; = ¢;(a, co, |D|,n) (¢ = 1,2) such

that o
lu(z) — up|
/Dexp( o11(a, D) ) dz < ca,

where a = n/(n — 1 — an) and up = |D|™" [, u(x) dz. When 0D is smooth,
the special case a = 0 corresponds to the Trudinger embedding and a < 0 to the
result obtained by Fusco, Lions and Sbordone [9]. We generalize these results to
the cases 0 < a < 1 — 1/n, too. See [7] and [5] for related work for arbitrary
values of a and for additional references.

We also show that an inequality of this type holds for sets which may have
even more irregular boundaries, such as those which satisfy an appropriate type of
quasi-hyperbolic boundary condition {10]. We give geometric criteria for domains
sufficient for Sobolev inequalities of single exponential type to be satisfied. In
particular, our results extend the class of domains where the classical Trudinger
inequality is known to hold.
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In a limiting case, corresponding to a = 1 — 1/n, we show that a double
exponential inequality holds in smooth and certain nonsmooth domains D C R™:
given any positive constants A; and A; < 1 such that A;A; < 2e~!, there is
A3 > 0, which does not depend on |Vul, such that

fmfrn(o (S5 o<

I(D) = (/D [Vu(z)|™ log™ (e + |Vu(x)|)d3:> o < 0.

For embeddings into spaces of double exponential type see also [7]. This
inequality is new even in balls as far as we know.

where

The notation used and some preliminary results are given in Section 2. The
next section deals with John domains and finally Sections 4 and 5 contain material
on more irregular domains.

2. Notation and preliminary results

Throughout this paper, D will stand for a bounded domain in R”, n > 2, unless
otherwise stated. Given any sets A, B C R™ and any z € R", d(z,0A) denotes
the distance from z to the boundary dA. If A is measurable, its n-dimensional
Lebesgue measure will be denoted by |A|.

The notation a < b is an abbreviation for the inequality a < c¢b, where ¢ is a
constant independent of @ and b. By a ~ b is meant the inequality c;a < b < cpa,
where ¢;, ¢z are constants independent of a and b. We let ¢(x,...,*) denote a
constant which depends only on the quantities appearing in the parentheses.

The notation considering Sobolev spaces is standard.

Define f , u =up = |D|™! [, u(z) dz.

A domain D is called an (e, 8)-John domain, 0 < o < 8 < oo, if there exists
xo such that each x € D can be joined to zo by a rectifiable curve ~: [0,!] = D,
parametrized by arc length, with [ < 8 and

d(~(t),dD) > %t, teo,l].

By a cp-John domain D we mean that D is an (a, 3)-John domain with some
constants a and S such that «/8 = ¢o.

Convex domains and Lipschitz domains are John domains, and so is a Koch
snowflake domain, [16].

Other definitions needed are introduced when we first use them.
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LEMMA 2.1: Let D C R™, n > 2, be a bounded co-John domain. Let p,q € [1,00]
be such that

0<1/p—-1/g<1/n.
Then

(/1w - uDIde)%

1.1
_ 1-1/p+1/q =5+ _ - v
< 1-1/n AET A 11 p(i/n—1/p+l/q / p
c(n)w, (l/n 1/pti/a cg | D| D|Vu(:1:)| dr

for all u € W, (D), where wy, is the (n — 1)-dimensional Lebesgue measure of the
unit sphere S*~! in R™.
Proof: The result is contained in [3, Theorem 5.1). It also follows from
[15, Lemma 3.3.] and [11, Lemma 7.12]. ]

We use Lemma 2.1 by choosing ¢ = (n — p)~L.

Remark 2.2: Let 0 < € < 1/n. Let us choose ¢ = % and p = n — € in Lemma
2.1. Then

i/p—-1/g<1/n

and there is a constant c(n) such that

1-1 1
( 1-1/p+1/q ) /ptifa < c(n)eV/n1,
1/n—-1/p+1/q -

Thus, by Lemma 2.1

(/D lu(z) — up|"/® dw)e

1/(n—¢)
< C(n)w}l‘l/"cgl]Dilln’ll(n_€)+€€1/"_l (/ IV‘U.(:L‘)I"_G d:l:)
D

(7[D lu(z) — up|H/e dx)e

1/(n—e€)
< e(n)wl Yreg YD)Vt /mt (7[ |Vu(z)|"* d:c) .
D

and so

The idea in the following lemma is adapted from {9].
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LEMMA 2.3: Let D C R™, n > 2, be a bounded cy-John domain. Let o > 0,
a=n/(n—1+0)and 0<e<1/n. Then

€
(][ |u(z) — up|™/¢ dx) et/
D

1/(n—¢)
<" s (f wu@ras)

0<e<1

whenever u € C1(D).

Proof: By Remark 2.2

(][ [u(z) — up|/e d:c) /e
D

1/(n—e¢)
sc(n)ca‘|D|”"e”°"””"_"/"(ea][ lvu(m)l"-edx) e-oe/nn=)
D
1/(n—e¢)
= c(n)661|D|1/n (ea][D |Vu(x)|n—e d:l:) e—oe/n(n—¢)

1/(n—e)
< ¢(n)eg t| DM Oiugl(e"][D |Vu(z)|"~¢ dx) ,
€S

since lime_,04 e~/ =1 =1 and & > 0.
The claim follows. [ |

We agree on some notation in Remarks 2.4.

Remarks 2.4: 1. Assume that n € N, n > 2. Let 6 > -n+ 1 and a =
n/(n —1+ o). The Orlicz function ¢ — expt® — 1 is denoted by 1. We write

Jo—1 g0
¢01 (t) = expt"‘ - Z 7’

=0
where jo is an arbitrary positive integer. Hence vo(t) ~ 1o, () for all ¢t > 1. By
[2, Theorem 8.12 b] it is enough to consider ), when estimating Orlicz norms.

2. We agree on some notation from now on. Once we have fixed a suitable
domain D in R™ and an admissible function u there, we denote

/A 1z — 4| Vu(y) | dy = : R(Val, 4)(c),

where z € D, and

1/n
( [ I togle + 19u() e dy) —: I(a, 4)
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where A C D is a measurable set and a € (00,1 — 1/n] is a parameter. If
a=1-1/n, we write briefly I(1 — 1/n, A) =: I(A).

3. If a domain D has the property that for some p € [1,00] and ¢ € [1, 00] there
is a constant C such that for all 4 in the Sobolev space Wz} (D) the inequality

(/D |u(z) — up|? d:v) v < C(/D |Vu(z)|P d:v) 7

holds, then we say that D is a (g, p)-Poincaré domain.

When D is a (p,p)-Poincaré domain with some p € [1,n] and there is a
function u such that I{a,D) < oo, then it is enough to consider a function
u € CY(D) N W}(D). Namely, if a < 0 and I{a,D) < oo, then u € L] =
{u : |Vu| € LP(D)} for all p < n. Since D is a (p,p)-Poincaré domain for
some p € (1,n], we have Ly(D) = W)(D), and thus uw € W{(D). If a > 0 and
I(a,D) < 00, then u € LL(D) and also u € W}(D). For D is an (n,n)-Poincaré
domain, since D is a (p, p)-Poincaré domain for some p € [1,n], Thus u € W}(D)
also in the case a > 0.

The above yields that up < oco.

We recall that a John domain is a (p, p)-Poincaré domain for all p, 1 < p < oo.

We need the following lemmata when studying the cases a € (0,1 — 1/n]. The
idea of Lemma 2.5 is from [18, Theorem 1].

LEMMA 2.5: Let D be a bounded domain in R™ and let u € W} (D) satisfy
I{a,D) < oo with some a € (0,1 —1/n]. If2 < a1 < a3 and ¢ > n, then there
exists a constant ¢ = ¢(n) < oo such that

1/q
( / |R(|Vu|,D><x)|4dx) < c(n)IDl”"(IDI‘/"al
D

a2z dr (n—-1)/n
+ (\/1 TlOg(e + ,,.)an/(n—l)) I(av {y €D :a; < |Vu(y)| < a2})

L eweD s < |V )|}))
(log(e + az)) "~ Y e ! .

Proof: We may assume that u € C'(D). The standard potential estimate,
[11, Section 7], yields

q 1/q
2.1) ( / ( / |x—y|l-"|w(y>|dy) dx)
D \J{yeD:|Vu(y)|<a1r}

([ e)”

< ¢(n)aq|D|/m+Y/a,
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For each j € N we set

E; ={y € D : |Vu(y)| > a1;2 a3 < |Vu(y)| < 277 ay}.
Then,

R(|Vu|, E;) < 2‘j+1a2/ |z —y|* " dy < c(n)a22“j|Ej|1/".
E;

Hence, by Hélder’s inequality with (n, -25),

o>
R(|Vul,{y € D: a1 < |Vu(y)| < az}) = >_ R(|Vul, E;)
Jj=1

o0
<c(n) Y 279as|Ey|M"

i=1

e
(n) 327 0a] B/ Qe+ 2770 (og(e + 2Paz)

Jj=
00 1/n
(215 os(e + 2ar) )

(Fl

=} (n—1)/n
(Z (log(e + 279 ay)) o™/ (n— 1)) .

=1
Here,

[e ]

ZT’“aQIEjI(log(e +277a3))°" < I(a,{y € D : ay < |Vu(y)| < as})™,
i=1

and

S Jonmt) < g [ dr
(log(e + 2™ Jay))—en/(n=1) < 9 /
; g 2)) le ap /2041 rlog(e+7‘)"'"/(”_1)

= dr
<2 .
- /1 7 log(e + r)en/(n-1)

By combining the above we obtain

1/q
2 ([ IRGVul e Do < Vul)] < axh@)iode)

D l/q a2 d’!‘ (n-—l)/n
<
< emiD| (/1 rlog(e + r)‘"‘/("—l))

I{a,{y € D : a1 < |Vu(y)| < az2})-
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The standard potential estimates imply
1/q
ey ([ IR(Vi e D: Vul)] 2 s @)l o)

< ¢(n)|D[Hag= DI ( /{
q(n""l)/"
(log(e + az))°

1/n
IVu(y)l"dy)
y€D:|Vu(y)|>a2}

< ¢(n)|D|/ I(a,{y € D : a2 < |Vu(y)|}).
Estimates (2.1)—(2.3) give the claim. 1

Remark 2.6: Foraz >1and a € (0,1 - 1/n]

/ . i 2 / ) ar = log az
1 rlogle+r)a/-D) = [ rlog(e + az)e/(=D)  log(e + ag)en/(n=1)"

LEMMA 2.7: Let ¢ > n. Then

e? dr {n—1)}/n .
(/1 rlog(e + r)‘"‘”““”) < (10log(e + )01,

ifa=1-1/n, and

/eq dr (n-1)/n - ql—an/(n—l) (n—1)/n
1 rlog(e+r)a"/(ﬂ~1) = 1- 2o - s

fo<a<1l-1/n.

Proof: A simple calculation. |

LEMMA 2.8: For any A > e.

[e 4] 1 ) ]
> 574 log(e + 1) < A,
j=0 "

Proof: (18, Lemma 7). |

3. John domains

The main results in this section are Theorems 3.2, 3.3 and 3.4. First we formulate
and prove the following exponential-type inequality.
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THEOREM 3.1: Let D C R"™ be a bounded co-John domain. Let u € C(D)
satisfy, for some o > 0,

1/(n—¢)
M = sup (e"][ |Vu(z)*~e d:l:) < 00.
D

0<e<1
Then, if « = n/(n — 1+ a), there exist constants ¢; = ¢;(n,a,cp), ¢t = 1,2, such

{ u(z) — up
—_ < .
Dexp(clM|Dll/"> dz < cp

Proof: Lemma 2.3 with ¢ = aj = 1/¢ implies

][ exp _____I’U,(.’l?) _ UDlT ; dx ~ i ﬁfD IU(:C) _ 'U.l?|aj do
D M|D|'/n j1 Mes|D|ei/n

j=n
© _aj Sair i

<Y (e ) @y < e < oo,
e 41
j=n

whenever T is chosen such that

(re(n)cg)®a<e™. B
THEOREM 3.2: Let D be a bounded cy-John domain in R™ and let u satisfy

1/n
I(a, D) = ( / V() [" log(e + |Vu(z)])*™ dx) <o
D

for some a« < 0. Then there exist constants ¢; = ¢;(a,co, |D|,n), i = 1,2, such
that () e

U\xr) —up

Lk S M "2 <

][Dexp( o 1(a, D) ) dz < ca,

where & = n/(n — 1 — an).

Proof: We consider first the case a < 0 and write ¢ = —~an. By Remark 2.4(3)
it is enough to consider functions u € C*(D) N W}(D). We may assume that

I(a,D) < 1.

As in the proof for Theorem 3.1

Tlu(z) —up|\* 7 fp lue) — up|¥ dz
(3.1) ][Dexp<—7(gj)—]3~) d’”—ZT 8 I(a,D)fj

Jj=n




70 D. E. EDMUNDS AND R. HURRI-SYRJANEN Isr. J. Math.

with a number 7 which will be chosen later. Lemma 2.3 with ¢ = ¢~ yields
(32) ][ lu(s) — up|? doel/ee
D

< (e(n)eg '|DIM™) up (€ ][ vu@Im dx)/<n=e)
E_

q
= (c(")CE "D/ sup (e"][ |Vu(x)|"_edx)l/("_5)) .
0<e<1 D
We now consider

1/(n—¢)
M = sup (e"][ |Vu(x)|"_€da:>
D

0<e<1

and study the sets {z : |Vu(z)| < e} and {z : |Vu(z)| > e} separately.
If [Vu(z)| > e, then

(2|Vu(z))/

log(e + [Vu(z)]) < /o

b

and thus

1 Vu(a)]”
3.3 €% — —_m
B3 5] fpnieiveime VE@F

) / Tl _(lole LT’
D

Az | Vu(z)|>e} l0g(e + [Vu(z)]))? @Z%%M

dz = |D|"'0°2¢

I/\

|D| I(a Dn{z : |Vu(z)| > e})?

021/71

ST ——1(a, D).

Since 1 )

<
nfn—¢) ~ n2-1

and we may assume that |D| < 1, estimate (3.3) yields

1
I{a,D)<1 and 3 <

1 [Vu(z)" )1/‘"-9
3.4 ( dz
(34) D1 Jonte vuioize VU@IF
n 1/(n~—e¢)
1D Jpnz 1va(@)ize) |Vu(ﬂf7)|6

o.ac(n)21/(n -1)

< WI(G, D).
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Thus, from (3.2),

q
(3.5) ][ lu(z) — up|? dze'/*€ < (c(n)cal]D|_1/("2'1)a“(")1(a, D)) .
D

If |Vu(z)] < e, then Holder’s inequality with (n/(n — €),n/¢) and the
inequalities
log(e + |Vu(z)|) < log(e + ¢} = log2e

imply

(3.6) €oIDl—l / |Vu(z)[* "¢ dz
Dn{z:|Vu(z)|<e}

<D™ |Vu()* ™ dz
Dn{z :|Vu(z)|<e}

(n—e)/n
< ( / |Vu<w)|"dw) |D| 1</

nlog” (e+|Vu<w)1) AT Dt
< (] rvutr =t ppeer,

since ¢ > 0. Thus

—1 1/n -1/n q
(3.7) ][ lu(z) — up|? dzel/* < (c(")CO IDI*|D| I(a,D)) .
D log~?/™(2€)

Recall e = 1/¢ = 1/aj. Hence (3.6) and (3.7) imply

38)][ exp (T'"(x)_;“’{) dz

(o) 3 q
ZTJ— (ag)? ( (n)eg ( sem){p|~ 1/(n*-1) +10g”/"(2e))) <e< oo

for some 7. Theorem 3.2 is proved whenever a < 0.

The case a = 0 follows from (3.1) and (3.2). We just use Holder’s inequality
with (2=, 2) in (3.2). |

n—e’

LemMmA 3.1: Let D C R™ be a bounded ¢o-John domain and let ¢ > n and
2 < ay. Then

( /D lu(z) — uD|qd;v) v

< CEIC(N)IDII/"(IDII/”M +e(a,n)I{yeD :ar < IVU(y)i})q("’l‘“")/"),
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whenever u satisfies I(a, D) < oo with a € [0,1 ~ 1/n).

Proof:  Since D is a John domain, by [15, Lemma 3.3]

(/D |u(z) — up|? dx) v < coe(n) (/D (/D |z - y|"""|Vu(y)| dy)qu> l/q.

Lemma 2.5 and Remark 2.6 imply for a; = e? > a;

(L( [ 1o-vr=rivue dy)qdz) v

el . i (n=1/n
q n
< ¢(n)|D| <|D| a; + </1 rlog(e £ ,,.)o,n/(n—l))

x I{a,{y € D : a; < |Vu(y)| < az})
g=1)/n

b Ty D o < Vu]D)

Y 1n a2 dr (n=-1)/n
< e(n)| D) "(|D| a; + (/1 )

rlog(e + r)en/(n-1)

+2I{a,{y€ D :a; < [Vu(y)|}))
Thus,
q 1/q
(L([r-sr=rvumia) az)
D\JD
< ¢(n)|D|Y "(IDII/ "a; +c(a,n)I({y € D : a1 < |Vu(y)|})g" 1o/ ">.
The claim follows. [ |

THEOREM 3.3: Let D be a bounded co-John domain in R™ and let I(a, D) < oo
with a € [0,1 - 1/n). Then

for any non-negative constant A < e~ 1.

Proof: By Remark 2.4(3) we may assume that u € C*(D) N Wl(D). We use
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the modified power series expansion of the exponential function (Remarks 2.4)

I’U,(il,') _ uDI n/(n—1—an)
/D epr(————-——(a 7) dx

/ I'U' .’17) _ UDI nj/(n—1-~an) p
" 1(a, D) v

with a constant A > 0. By Lemma 3.1 and with ¢ = nj/(n — 1 — an) we obtain

|u(z) — up| nj/(n=1-an) (n~1-an)/nj
{/D( D) ) d“”}

n-1

xI({yeD :a; < Wu(y)l}))

allDll/n
I(a, D)cy(a,n)jm—1-an)/n

I{y €D - a < [Va(®)]})
* e D) )

- calc(a’,n)‘D|1/qj(n——l—an)/n(

We choose a; so large that

I{y € D :ay < |Vu(y)|})
I(a, D)

< (2cglc(a, n))~!

Then for this a; we fix jo so large that

a1|D|Y ey e(a, n)
I(a, D)cy(a, n)j(m—1-an)/n

AN

1
2
with all j > jo. Thus
[u(z) — up| nj/(n—1-an) x40
T < iy}
Z;)\/; ( I(GD dﬁ_lDIZ]'] < 00,
I=Jo

whenever 0 < A < e~!. Then for any non-negative constant A < e~1,

[ en[a(HE) "
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LEMMA 3.2: Let D C R™ be a bounded cy-John domain and let ¢ > n and
2 < ay. Then

(/D lu(z) — upl|? dw> 1/q < ¢3'te(n)|D|Ye (lDll/nal + (10g(e N q)>(n—1)/n

X Iy €D :ar <[V
whenever u € W}(D) satisfies I(1—1/n,D) < 00

Proof: Since D is a John domain, from [15, Lemma 3.3] we obtain

(@)~ uplide) < cileln) oy Vu dy) )
D D D

The claim follows from Lemma 2.5, Remark 2.6 with a2 = e? and Lemma 2.7.
]

THEOREM 3.4: Let D be a bounded cy-John domain in R™ and let w € W}(D)
satisfy I(1 — 1/n, D) = I(D) < co. Given any positive constants A; and Ag < 1
such that A{As < 2e~1, then there is Az > 0 such that

[ sl o1 =20) "V gty <o

The constant A3z does not depend on the gradient of u.

Proof: Let u € W}(D) N CY(D). We use the power series of the exponential

function n/ine1)
|u(z) — up[\"™
/D expAy (eprg ( i) dz

S o))

1._1.

-RAE () e

i=ip J=jo

We fix ig and jp later. By Lemma 3.2 with ¢ = nj/(n — 1),

|'U,((L‘) _ UDl nj/(n~1)
/D< 1(D) ) =
< (c(n)eg ")/ =1 | D|(log(e + 5))’

< |D|"/"ay I{yeD :a, < IVU(y)I})>
(log(e + 7)) I(D) I(D)
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We choose a1 so large that

I{y€ D : a1 < |Vu(y)[}) 1
I(D) 2(2n—1)/nc(n)c(—)-1

Then we choose jy so large that

IDl l/n(ll < 1
(log(e + 7)) I(D) ~ 2@n=1/n¢(n)cy?

for all j > jo+ 1. Thus Lemma 2.8 implies, since we may choose ig so large that
Asi > 2e for all ¢ > i,

A2‘l /

< '°° A—, i P,—(—) (og(e + )’

A [ Ayi\ A% X (A A\ i
leIZ—ﬁ(—z) leIZ( 122)5<oo,
i i=0 '

whenever A; < 1 and A; 4, < 2e7 L. (]

(|U(9;)(;)UD|>M/("—1) is

4. More irregular domains

Our goal is to give geometric criteria for domains where Sobolev inequalities of
exponential type hold. We need the following definitions in our decomposition
theorems.

Subsets Ag, Aj,...,Ax of R™ are said to form a chain, written as C(Ag) =
(Ao, A1, ..., Ag), if and only if A; N A; # @ whenever |i — j| < 1.

Let W be a family of domains D C R™. We say that W is a decomposition of
G =Upew D if

Z xp(z) < e

Dew
for all x € R™ and there is a domain Dy € W such that for each D € W there is
a chain C(D) = (Dy, Dy, ..., Dg) of domains D; in W with

max{|D;|,|D;41|} < c2|Ds N D

for i =0,1,...,k — 1; here ¢;, ¢ = 1,2, are constants.
An example of a decomposition of a domain G is its Whitney decomposition
when we take dilated Whitney cubes. We consider this special case in Section 5.
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Further, for a fixed set A € W we write
AW) ={D e W|A e C(D)}.

We present a decomposition theorem which we later apply to more irregular
domains than John domains.

THEOREM 4.1: Let W be a family of co- John domains D in R*. Let W be
a decomposition of the domain G = |Jpeyy D where G has finite n-measure.
Suppose that

Z / #{A : A€ C(D)}* 1 dz < c3(G)| AP/ (- 1D
DeAaw)’ P

for A € W, where, ¢ > qo(D) and ¢y, ¢, and c3(G) are constants. Then there
exist constants ¢; = c;i(c1, ¢a, ¢3, |G|, n), i = 4,5, such that

(4.1) ][G exp(l—%)adx < ¢s,

whenever u € W}(G) satisfies I(a,G) < 0o, a =n/(n—-1—an), and a < 0.
If a = 0, it is enough to assume that

Z /D#{A : A€ C(D)}* Vdr < cs(G)

DEAW)

forall AeW.

Remarks:

1. A union of John domains in Theorem 4.1 need not be a John domain. We
consider a large class of irregular non-John domains in Section 5; they satisfy
the so-called quasi-hyperbolic boundary condition. J. Viisild has considered
conditions on John domains when the John property is preserved under a union
[24].

2. A union of bounded c¢,-John domains in Theorem 4.1 could be an unbounded
non-John domain with finite n-measure. There is a planar tunnel example due
to Vaisald:

oo 2¢

¢=JUB, Wherer=B2(i—1+j2_i1,§1;),

i=1j=1

j=1,...,2"and i = 1,2,...; here B%(z,r) = {y € R? : |z~ y| < r} . Theorem
4.1 shows that the inequality of exponential type (4.1) holds for every a < 0
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in the tunnel domain G. Hence, in particular, the classical Trudinger inequality
holds there, too. This shows that our decomposition theorem extends the class of
domains where the Trudinger inequality is known to hold. Note that the domain
G does not satisfy the quasi-hyperbolic boundary condition which we recall in
Section 5.

Our proof makes use of the power series expansion of the exponential function
and a chaining argument. As a starting point we need the following simple
lemma.

LEMMA 4.1: Let D C R™ be a domain with finite n-measure. Let F : [0,00) —
[0,00) be a convex, continuous, increasing function. Then for all v from an
appropriate class and all c € R,

/ Flu(z) - up)) dz < / FQlu(z) - c|) de.
D D

Proof: The claim follows from the definition of convexity and Jensen’s inequality,
(14, p. 440]. ]

Proof of Theorem 4.1: Let W be a given decomposition of the domain G C R".
If Dy € W is a fixed set, then for each set D € W there is a chain of sets joining
Dy and D, abbreviated by C(D) = (Dy, D1, ..., D). We denote

1/n
I(a,G) = ( [ 19utr og(e + 1)y dy) ,

and recall o = n/(n — 1 — an). We may assume that I(a,G) < 1. It is enough to
estimate the sum

(4.2) Z} ") f @) —un [

where 7 > 0 will be given later and jp is a suitable integer which depends on G.
Thus g > aje > 1. The triangle inequality yields

(4.3) /]u T) — up,|* dz < Z / lu(z) — up,|* dz

Dew

<2°‘7<D§;‘)/ lu(z) — up|* dz + Z / luD—uDola’d:c)

Dew

Let 0 = —an and a < 0. Recall that

I(a, D) = ( /D Vu(z)[* log= (e + |w(g,~)|)>1/".
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The John domain estimates (3.5) and (3.7) imply

/D lu(z) — up|® dz < c(r, @)™ (aj)?|D|((|D|7/*"~1) + 1)I(a, D)™
Hence,

(4.4) y / lu(z) — up|® dz < c(n,a,G) (aj)|G|I(a, G)™.
pew?D

To estimate the sum

Z / |up — up,|* dx
D

Dew
we apply a chaining argument and obtain

k aj
Z / |uD —_ uDolaj dr < Z / (Z ’UD,- — U’Di+1l> dx
D D\i=o

Dew Dew
k 1 aj
< = [ |u(y) - up, dy) dz.
> [ (S 1w

A modification of Lemma 2.3 gives

</ ‘U(iL‘) — uDill/e diL‘) 6l/c)tlDi|——6~1/n+1/(n,—€)
D;

1/(n—e¢)
< c(n)cy* sup (e"/ |Vu(z)|" ¢ dx) .
D;

0<e<1

By using estimate (3.3) on the set {x : [Vu(z)| > e} and estimate (3.6) on the
set {z : |Vu(z)| < e} we obtain

€
( ju(z) — uDill/€ dx) e”"}Dd'E_I/"“/("_e) < e(n, a,co, G)I(a, D;).
D;

Holder’s inequality with (o, a—;'_Ll) and the above estimates yield

1 . . 1/ej
o [ 1) = undy < DI ( [ Juty) = up )
|Di| Jp, D;

< ¢(n,a,co, G)e_l/alDi|1/"“1/("_e)I(a, D),

where aj = ¢ = e~!. Thus

> /DIUD-uDolajdx

Dew

k aj
<@y 3 [ (Z |Di|1/"~1/<'*-€>r(a,D,~)) d.
=0

Dew
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We show that

k aj
(4.6) Z / (Z |Di|1/n—1/(n—-1/<1)[(a’Dz.)) dz < cI(a,G)?
D \izo

Dew

for some ¢ = ¢(n, a, ¢o, G)9. When we change the order of summation on the left
hand side of the above inequality we obtain

k q
> [ (S ppmsenionpy) ds
D Ni=o

Dew
q
<Y [ #BBec) (|A|‘/"—1/<“~1/4>) I(a, 4)°
Dew”’ D Aec(D)

=3 3 /D #{BIB € C(D)}~" da] 4|~ /"1 (g, A)".

AEW DEA(W)

Hence, to obtain

k q
> [ (Sioprmieore,py) as < @6
@ \i=o

Dew

it is enough to have

Z / #{B|B € C(D)}q‘1 dz < clAIl/ﬂ-(n—l/q)
DeAw)’ D

for some ¢ < oo, which was the assumption.

Combination of estimates (4.2)—{4.6) gives us

/G [w(z) ~ up,|* dz = Z /D |u(zx) — up, |* dz < ¢(G)¥ (af) I(a, G).

Dew

The end of the proof is similar to the end of the proof for Theorem 3.2. The
proof is complete in the case a < 0.

If a = 0, we apply Holder’s inequality with (=2 2) to the John domain

n—e?
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estimate of Lemma 2.3. Thus, we have

> / lup — up,|* de
D

Dew

k aj
aj( i\ |1/n=1/(n—€)+e/n(n—e) n i/n
<@ ¥ [ (glm (. V)l de) )

Dew

/n
<@gy Y. > /D #{BIBEC(D)}‘?‘ldx( /A ]Vu(x)]"d:v)q

AEW De A(W)
g/n
< c<G>q( / |Vu(w>|"dw)
G

by the assumption. Hence we have estimated the latter part, when o = 0.
Since the first part follows immediately by Holder’s inequality, the case a = 0
follows. ]

We show in Section 5 that there is a large class of domains which satisfy the
requirements of the decomposition theorem.

THEOREM 4.2: Let W be a family of cp-John domains D in R*. Let W be
a decomposition of the domain G = {Jpcyy D where G has finite n-measure.
Suppose that

)3 /D#{A €W : A€ C(D)} dx < c3(G,a,n)
Dew

where o« =n/(n—1—an), and a € 0,1 ~ 1/n), for all j > jo.
Then there are constants ¢y > 0 and ¢s such that

l lu(z) — ug| “
-~ -1 <
exp( C4I(a, ) dr < ¢5 < 00,
whenever u € Wll(G) satisfies I(a,G) < oco.

Proof of Theorem 4.2: Let W be a given decomposition of the domain G C R".
If Dy € W is a fixed set, then for each set D € W there is a chain of sets joining
Dy and D, abbreviated by C(D) = (Dqg, Dy,..., D). It is enough to estimate the

sum - '
> i) f - vnidn
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where 7 > 0 will be given later and j, is a suitable integer which depends on G.
Thus ¢ > ajg > 1. The triangle inequality yields

/[u ) — upy|* dz < Z/m ) — upy|* dz

Dew

S?"‘j( /[u ) — up|® dx + Z/IUD—UD0| 3dm>
Dew

Dew

The John domain estimate in Lemma 3.1 for 2 < a; implies

</D [u(z) ~ up|® d:c) 1/aj

< (calc(n»wwaf(tDP/"al

i a(, _ 1}(n=1)/n
" 2((;)— 1(-7—lna;()n—1)/n Ie.{ye Do s lvu(y)l})>

G 1/n
—l Jl.l/aal +I(a,G)>.

< calc(a,nnmlfafwa(

We choose jg so large that

G 1/n
Eet <1e.0

with j > jo. Hence,
S [ 1) ol do < (65 eln, ) VGl 0, 6)
Dew

To estimate the sum

> [ 1vo - un iz

Dew

we apply a chaining argument plus Hélder’s inequality with (a7, —2.-) and obtain

aj—1
Z/|uD—uD|’dz

Dew |
ng/ ( |uD‘_uDi+1|)a]d$
<2Dezw/(z |1§1-|/_'“<y>-uD,-ldy)”dm

<2y [ (Z P ([ i) o)) e

Dew
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Lemma 3.1 for 2 < a1 as above gives

k 1 ) 1/aj
Z |D_|1/aj <‘/D |u(y) — Up; la] dy)
i=0 't i

k (n=1)/n
<t 1/n n-1 Va ) l/a
<Dt (ot + () @)oo

< cyle(m)#{A €W : A€ C(Dy)}e(n, a)]l/aI(a G).
Thus,

E/luD—uD |°”d:c

Dew

< (cgte(n)e(n, a))"‘j( / #{AcW : AeC(D)}¥ d:L')]’I(a G)Y.
Dew

Hence

/ lup — up,|* dzx

Dew
< (c5te(n, a))""(lG!+ 3 / #{AEW : A€ C(D)}™ dz) #I(a, G)Y,
Dew

and further,

(e ]

> 3y e upy | e

Jj=jo

LY

.Qg

1 wii(1 ., Zoew [p#IAEW A€ C(D)} do
Sreatetn eyt (14 ZenlpHEE D )

jjOJ
(

7cg te(a, n)e(D))* ji
g!

™

<

.
Il

J

=]

As soon as we choose 7 small enough the claim follows. [

5. Conditions with quasi-hyperbolic metric

We consider a general example of the decomposition we defined in Section 4,
namely a Whitney decomposition W of a given domain D. This decomposition
holds for all domains. By using a Whitney decomposition we obtain a geometric
criterion for the validity of Trudinger’s inequality in an arbitrary domain with
finite n-measure.
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If Qp is a fixed Whitney cube, then for each Whitney cube @, there is a chain
of dilated Whitney cubes joining $Qo and 3Q, C(3Q) = (£Q0, 2Q1,-..,2Q).
We drop off g— from the front of @ just to keep the calculations neater. From now
on, we denote

W= {%QIQ is a Whitney cube}.

The chain C(Q) can be chosen so that the number of cubes in this chain C(Q),
Q@ € W, of dilated Whitney cubes can be estimated by means of the quasi-
hyperbolic distance between points x1,z2 € D, defined by

. dz
kp(zi,x2) = H';f/Y 4(z,0D)’

where the infimum is taken over all rectifiable curves +: [0,!] — D, parametrized
by arc length, joining £, to z2 in D. The number of cubes in C{Q) is comparable

to kp(Qo, Q).

LemMMA 5.1 ([13, Proposition 6.1)): Let W be a Whitney decomposition of a
domain D C R". If Qo € W and zy € Q¢ are fixed, then for each Q@ € W there is
a chain C(Q) of dilated Whitney cubes joining Qg and Q such that for allz € Q

#{B € W|B € C(Q)} < c(n)kp(zo,z) +1 < Se(n)(#{B € W|B € C(Q)} +1).

Further, we write

AW) ={Q e W: A€ C(Q)}

for each A € W on a domain D.

We give a general condition for a domain D which enables us to show that a
Trudinger-type inequality holds in D, Theorem 5.1. We show in Theorem 5.2
that there are domains which satisfy the condition given in Theorem 5.1.

THEOREM 5.1: Let D C R™ be a domain such that

Z kD(-T"O» Q)q_1 dzr < C|A|1/n(n—1/q)
Qeaw)’ @

for A€ W. Here, ¢ > 1 and ¢ < ¢(D)? is a constant. Then there exist constants
¢i = ¢i(a, co, |D|,n), i = 1,2, such that

whenever u € W (D) satisfies I(a, D) < 00, « = n/(n -1 —an), and a < 0.
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Ifa =0, it is enough to assume that

/kD(:cg Q) ldz<c

QEAW)

for all A € W. Here, ¢ < ¢(D)? is a constant.
Proof: Just use Theorem 4.1 and Lemma 5.1. ||

Remark: Domains which satisfy the conditions in Theorem 5.1 are
(p, p)-Poincaré domains with some p by [13, Theorem 6.6].

QUASI-HYPERBOLIC BOUNDARY CONDITION DOMAINS.

We show that a quasi-hyperbolic boundary condition domain D with a constant
b satisfies

2. / kp(z0, Q)7 dx < o(D)7|A|'/**2,
QEAW)

where § > 0 is arbitrarily small.

A domain is a quasi-hyperbolic boundary condition domain, if there exist
29 € D and b > 1 such that

|z — 2o
(5.1) kg@mz)sbk%<1+nm“ﬂﬂap%;@maDn)

for all z € D.

John domains form a proper subclass of quasi-hyperbolic boundary condition
domains. An example of a non-John domain which satisfies (5.1) is a domain
which is formed from a square to which an infinite number of small triangles are
attached. An example is presented in [10, Example 2.26).

A quassi-hyperbolic boundary condition domain satisfies a Whitney cube
#-condition, [20, Corollary 2] and [17, Lemma 3.9]. This means that there
exists kg > 1 such that for all k > kg

#{Q € W||Q| ~ 27| D|} < ¢(D)2*,

where A < n.
We need the following lemma.

LeMMA 5.2: Let D C R" be a quasi-hyperbolic boundary condition domain with
a constant b. Let A be a cube in a Whitney decomposition of D. Suppose that
1 < q. Then there is a constant ¢ = c¢(D) such that

Z!/@%z“m<wwm6

QEA(W)
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where 0 < § is arbitrarily small.

Proof: Fix A in a Whitney decomposition of the domain D. By [13, Lemma
7.25]
|A[Y? > Q]

for all @ € A(W). We write
B; = {Q € AW) [270*D" < QI/| A1 < 2777

for j =1,.... Since D satisfies a Whitney cube #-condition, we obtain

/kD (xo, )T 1dx<ZZ/kD(x z0)? Vdz

QGA(W) j=1 Bj
< c(b, DYYA|M/?0 Y jar-mi

=1
< c(b, D)9 A]"/?*-8,

where A < n and § > 0 is arbitrarily small. |

Remark: A domain D satisfying a quasi-hyperbolic condition is a
(po, po)-Poincaré domain where pg < n is the Minkowski dimension of the
boundary of D, [6, Remark 3.8]. Hence, by Remark 2.4(3) it is enough to con-
sider function v € C*(D) N W (D) and as soon as I(a, D) < 0o, and by Remark
2.4(3) the integral average of a C'-function over the domain is finite as soon as
I{a,D) < oo.

THEOREM 5.2: Let D C R™ be a quasi-hyberbolic boundary condition domain
with a constant b. Then there exist constants ¢; = ¢;(a, cp, D,n), 1 = 1,2, such

e ju(z) - up|\"
u\r) —up
_ <
(et <o
whenever I(a,D) < oo, « =n/(n—1—an) and a < 0.

Proof: Lemma 5.2 implies that if ¢ > 1,

/ kp(zo, Q)9 dz < cI|A|M?9,
QEAW)

where § > 0 is arbitrarily small. The constant ¢; = ¢;(D) does not depend on
g. According to Remark 2.4(1) it is enough to have jo such that ¢ = ajy > 1.
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Hence for a quasi-hyperbolic boundary condition domain D we obtain

> Y kolen @t dslAln O, A)

AEW Qe A(W)

< Y AR AR (1(a, 4))0
Aew

We may assume |A| < 1. Thus,
S % kol @ el O K0, )7 < U@ DY
AEW Qe AW)

whenever

n{1/2b—6)
~n2(1/2b-6) -1
and & > 0 is arbitrarily small. This means a lower bound for j which is allowed
by Remark 2.4(1). This yields the claim, when a < 0.
If a = 0, the claim follows more easily since it is enough to assume

Z / kp(x,z0)? ' dx < ¢(D)1.
QEA(W)

Remark: As we showed in Remarks 2 in Section 4, there are domains other than
those with a quasi-hyperbolic boundary condition where Sobolev inequalities of
exponential type hold and, in particular, the Trudinger inequality holds.

THEOREM 5.3: Let D C R™ be a bounded domain. Suppose that
/ kp(zp,2)?dz < ¢(D)! < o0
D

for all ¢ > n. Then for any constant A > 0

u(z) — unl)
epr( dz < oo,
][ D I(a, D)
Where a=n/(n—1-an) with a € [0,1 — 1/n), whenever u € W} (D) satisfies
I{a, D) < 0.

Proof: The proof for Theorem 5.2 yields the claim for some constant A, since
for each D € W
#{AeW : A€ C(D)} ~ e(n)kp(zo, )

where zp € Do and z € D. The fact that the claim is true for any A follows as
in the proof of Theorem 3.3. |
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THEOREM 5.4: Let D C R™ be a bounded domain. Suppose that
/ kp(ze,z)?dr < ¢(D)? < 00
D

for all ¢ > n and let u € W}(D) satisfy I(D) := I(1-1/n,D) < co. Then given
positive constants A, and Ay < 1 such that A; Ay < 2e™? there is A3 > 0, which
does not depend on the gradient of u, such that

/D expA, (eprg (Mi)(;_)um)n/("-lj dr < A3 < .

Remark: It is well known, [13, Theorem 7.7] and [20, Corollary 11], that for
domains D satisfying a quasi-hyperbolic boundary condition

/ kp(zo,z)qdz < ¢(D)? < 00
D

for all ¢ > n.

Proof of Theorem 5.4: The power series of the exponential function yields

[u(z) — ugo |\
/1; expA;(expA, (—W—) Ydx

232 | (e (M) ")
~ i % i (Agi)j /D(|u(x;(;);tqo|>nj/(n—1) N

1
i=ip J=jo J

2 AL & 9 u(z) — ug| nj/(n— 1)
1 nj/(n—1 Q
<252 G ([ (M)
|“Q“UQ0|)”}/(" Y )
o3 [ () )
Qew’@ I(D)

Lemma 3.1 yields an estimate of the sum

5 / (|u —uql)"”‘" )

Qew

We choose ¢ = nj/(n — 1) in Lemma 3.2. Thus

L) e

QeW
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< 3 e(n)/=D1Q|loge + )’

QeEW

( |D|""a, I{yeD:a, < IVU(y)I}))q
(log(e + 7)) I(D) 1(D) '

We choose a; so that

I{yeD o <|Vu@l) _ 1
I(D) = 20n-1/ne(n)’

We choose jg large enough so that

|D|1/"a1 1
(log(e + 1))’ I(D) ~ 2Gr=N/nc(n)’

Thus,

2) — unl\ /(=1 Ny
Z / (IU(I)(D) Ql) de < Z 2(1+n,/6(21{ 1))j (log(e +7))’-

QeEW

Hence by Lemma 2.8, for ig so large that Aj¢ > 2e with all ¢ > 4,

Z A1 Z (A22"/(n Y / (lu(z) _uD|)nJ'/(n—1)dx

5t = p\ I(D)
A& Ayt Ny
<y Ay #(—2) (log(e + )’
e gl £ 9l 2
=120 J3=jo
AL [ Agi\*
§|D|ZZ—'1(T2) < 00,
i=ip

whenever A; < 1 and A 45 < 2e7!

The estimation of the second sum

3 nj/(n—1)
)y / <|”Q uQ, |> i

Qew

is more complicated. By using a chaining argument and Hélder’s inequality with
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(qa ;1‘2‘1') we Obtain, with Q = Qk,

S [ tug —ug /Y da

Qew
nj/(n—1)
<> / (Z lug, ~ UQ,HI) dz
QEW i=i
nj/(n-1)
<2 uly) — ug, | d dz
< é%/<,u@ [ uw @;@
1/q\ nj/(n-1)
o5 (S o-sar) )
QeEW 1=0 1

As in the first case with ¢ = nj/(n — 1),

ngslll/q ( / u(z) — ug, |? dx> 1/a

s

k
< Z 2—2+1/n|Qsll/q——1/q(log(e +j))(n—1)/n
s=0

x( [DI'/"a; H@GD:mSWMMD)
(logle +5))71(D) I(D) '

We choose a3 so that

I{ye D :a, < |Vu(y)[})
1(D) = 2(cr(n)e(D) + |D)’

where c1(n) is the constant from Lemma 5.1. and ¢(D) is the constant from the
assumption. We choose jy large enough so that

|D|}"ay < 1
(log(e + 7)) I(D) ~ 2%(c(n)e(D) + | D))’
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Thus,
n/{n— 1) _ nj/(n—1)
Z Z (A22 Z / (|“QI D“Q |> dz
i=ip i J=jo Qew (D)
A & (A22"/ (n—1))7
@y A D D
i=ig J=jo
q
Xy /( 2(3"'1)/"(01(N)C(D)+IDI))—I(IOg(e+J'))("'1)/"‘> dz
Qew AEC(Q)
(Agi)!
<2
g Z 2(2c1(n)c(D) + 2| D))/ (v=1))i 51
x Z/ ci(n)kp(zo, z) + 1)? dz(log(e + 7))
QGW
<4Z (A1)’ (log(e + )Y
LS U gy
i=ig J=Jo

By Lemma 2.8, when we choose ig so large that Asi > 2e, we obtain

>4 ey < 3 () <o

i=1g —Jo i=ip

whenever A, < 1 and A;A2 < 2¢~!. The claim follows. |
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