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ABSTRACT 

We give sufficient condi t ions  for domains  to sat isfy Sobolev inequali t ies of  

single exponent ia l  type.  Earlier work in this  a rea  imposed  more  s t r ingent  

condi t ions  on the  domains  and  is thus  conta ined in our  results .  Moreover,  

t he  class of  func t ions  considered is based on L n log an L wi th  a < 1-1 /n ,  n 
being the  d imens ion  of the  under ly ing  space. T h e  l imit ing case a -~ 1 - 1 / n  
gives rise to an  inequal i ty  of  double exponent ia l  t ype  which is shown to 

be  valid in a large class of  irregular domains .  Th i s  inequali ty is new even 

in s m o o t h  domains .  

1. I n t r o d u c t i o n  

In the last decade, considerable attention has been paid to the validity of classical 

Sobolev inequalities and embeddings when the underlying bounded domain D in 

R '~ (n _> 2) need not have a smooth boundary OD: see, for example, [8], [6], 

[12]. Most of this work has been concerned with the situation in which the target 
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space of the embedding is of Lebesgue or Hblder type. Much less is known about 

the position in limiting cases. Thus if cOD is smooth, it is a familiar fact that 

the Sobolev space W~(D) is embedded in the Orlicz space Lr with Young 

function r with values which behave like exp(t n/(n-1)) for large values of the 

argument t: see, for example, [23], [19], [22], [1]. This embedding for Hblder 

domains has been considered in [21]. The case when the Sobolev space W~+r 
is embedded in the Orlicz space Lr with r = exp(t(n+~)'), e > 0, is studied 

in [4]. For any exponent p, 1 < p < oo, we write p' = p/(p - 1). We consider 

here, on the one hand, spaces of functions that are larger than W~(D), but are 

contained in Nl<p<n W~(D), and, on the other hand, also spaces of functions 

that  are smaller than Wn ~ (D), but each Wp ~ (D) with p > n is contained in them. 

Our principal object in this paper is to give conditions on D which are sufficient 

to ensure Sobolev inequalities yet allow the boundary of D to be quite rough. 

The first main result concerns a c0-John domain, by which we mean a domain D 

in R n such that  there exist x0 C D and co E (0, 1] with the property that  every 

x E D can be joined to x0 by a rectifiable curve 7 : [0, l] --+ D, parametrized by 

arc length, with d('y(t), cOD) >_ cot for all t �9 [0, l]. The class of such domains is 

wide, and includes Lipschitz domains and the Koch snowflake. We show that if 

D is a bounded Co-John domain and u is a function on D such that 

I(a, D) : =  (UD tVu(x)'n l~ + 'Vu(x)l) dx)  1/n < ~176 

for some a < 1 - 1/n, then there are constants ci = ci(a, Co, IDI, n) (i = 1, 2) such 

that 

/o exp c,I(a,D) ] dx <_ c2, 

where a = n / (n  - 1 - an) and UD = IDI-l fD u(x)dx.  When OD is smooth, 

the special case a = 0 corresponds to the Trudinger embedding and a < 0 to the 

result obtained by Fusco, Lions and Sbordone [9]. We generalize these results to 

the cases 0 < a < 1 - 1/n, too. See [7] and [5] for related work for arbitrary 

values of a and for additional references. 

We also show that  an inequality of this type holds for sets which may have 

even more irregular boundaries, such as those which satisfy an appropriate type of 

quasi-hyperbolic boundary condition [10]. We give geometric criteria for domains 

sufficient for Sobolev inequalities of single exponential type to be satisfied. In 

particular, our results extend the class of domains where the classical Trudinger 

inequality is known to hold. 
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In a limiting case, corresponding to a = 1 - 1/n, we show that  a double 

exponential inequality holds in smooth and certain nonsmooth domains D C Rn: 

given any positive constants A1 and A2 < 1 such that  AIA2 < 2e -1, there is 

A3 > 0, which does not depend on IVul, such that  

/Dexp[Alexp(A2(  'u(x--)i(~)uD') n/(n-1)) ] dx <_ A3, 

where 

I(D) := IVu(x)r~logn-l(e + IVu(x)l)dx < c~. 

For embeddings into spaces of double exponential type see also [7] .  This 

inequality is new even in balls as far as we know. 

The notation used and some preliminary results are given in Section 2. The 

next section deals with John domains and finally Sections 4 and 5 contain material  

on more irregular domains. 

2. Notat ion and preliminary results 

Throughout this paper, D will stand for a bounded domain in R '~, n >_ 2, unless 

otherwise stated. Given any sets A, B C R n and any x E R n, d(x, OA) denotes 

the distance from x to the boundary OA. If A is measurable, its n-dimensional 

Lebesgue measure will be denoted by IAI. 

The notation a _~ b is an abbreviation for the inequality a <_ cb, where c is a 

constant independent of a and b. By a ~- b is meant the inequality cla < b < c2a, 
where cl, c2 are constants independent of a and b. We let c ( * , . . . , * )  denote a 

constant which depends only on the quantities appearing in the parentheses. 

The notation considering Sobolev spaces is standard. 

Define f D u = u D : 101-1 fD u(x) dx. 
A domain D is called an (~, fl)-John domain, 0 < ~ _< fl < c~, if there exists 

x0 such that  each x E D can be joined to x0 by a rectifiable curve V: [0,1] -+ D, 

parametrized by arc length, with l _< fi and 

ot 
d(v(t),  OD) >_ -~t, t e [0, l]. 

By a c0-John domain D we mean that  D is an (a, fl)-John domain with some 

constants a and ~ such that  a / ~  = co. 

Convex domains and Lipschitz domains are John domains, and so is a Koch 

snowflake domain, [16]. 

Other definitions needed are introduced when we first use them. 
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LEMMA 2.1: 
be such that 

D. E. EDMUNDS AND R. HURRI-SYILIA.NEN Isr. J. Math. 

Let D C R '~, n > 2, be a bounded co-John domain. Let p, q E [1, oo] 

0 < l i p -  l lq  < 1In. 

and so 

(o lu(x) - uol ~i" dx) ~ 

< c(n)wl"-llncollDlll'~e'l"-I (~o IVu(x)l"-' dx) l/(n-~) 

The idea in the following lemma is adapted from [9]. 

Then 
1 

<c(n)w~_l ln(  1 - l / p + l / q  ~1-~+, ( ~  )1 
- 1/n - 1/p + 1/q] c~ IVu(x)lVdx ; 

/'or all u E W~(D), where w,, is the (n - 1)-dimensional Lebesgue measure of the 
unit sphere S"-1 in R n. 

Proof." The result is contained in [3, Theorem 5.1]. It also follows from 

[15, Lemma 3.3.] and [11, Lemma 7.12]. I 

We use Lemma 2.1 by choosing q = (n - p ) - l .  

1 Remark2.2:  Let 0 < e _ <  1/n. Let us c h o o s e q =  7 a n d p = n - e i n L e m m a  

2.1. Then 
1 / p -  1/q < 1/n 

and there is a constant c(n) such that 

( l_:.!lp+ !/q - 

l l n -  l / p +  l l q )  1 1/p+l/q <_ c(n) elln-1. 

Thus, by Lemma 2.1 
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LEMMA 2.3: Let  D C R '~, n > 2, be a bounded co-John domain. Let a >_ O, 

a ---- n / ( n -  l + a) and O < e <_ 1/n. Then 

~D lU(x) - UDI1/~ dx) ~e 1/~ 

\ 1/(~-~) 
<c(~)co~lDi1/o sup (~o[ ivu(~)p-~d~) , 

O < e ~ l \  JD 
whenever u E CI(D).  

Proof: By Remark  2.2 

~D OU(x) -- uDG1/e dx) ec 1/a 

_< c(n)co ll~l 1/~176 1/o-o/. (~o J .  )vu(x) I~ ~x) 1/(o-e) _o~/.(o_~) 

< c(n)collDI 1/n sup c a IVu (x )p -edx  , 
0 ( e < l  D 

since lim~-~0+ e -ea/(n2-1) = 1 and a > 0. 

The claim follows. | 

We agree on some nota t ion in Remarks  2.4. 

Remarks 2.4: 1. Assume tha t  n C N,  n _> 2. Let a > - n +  1 and c~ = 

n / (n  - 1 -b a). The Orlicz function t ~ expt ~ - 1 is denoted by r We write 

jo-1 t~ j 
r = e x p t  ~ - ~ j--~-, 

j=O 
where Jo is an arbi t rary  positive integer. Hence r (t) -~ r (t) for all t ~ 1. By 

[2, Theorem 8.12 b] it is enough to consider r when est imating Orlicz norms. 

2. We agree on some nota t ion from now on. Once we have fixed a suitable 

domain  D in R '~ and an admissible function u there, we denote 

A ix dy =:  n( lVul ,  A)(x),  yll-'~lVu(y)I i 

where x C D, and 

IVu(y)inlog(e+ iVu(y)l)andy = :  I (a ,A)  
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where A C D is a measurable  set and a E ( - c o ,  1 - 1/n] is a pa ramete r .  I f  

a = 1 - l/n, we write briefly I (1  - l/n, A) = : I(A). 
3. I f  a domain  D has the p roper ty  tha t  for some p E [1, co] and q E [1, o0] there 

is a constant  C such tha t  for all u in the Sobolev space Wp 1 (D) the inequali ty 

( fD lU(x) - uDIq dx) l/q < C(fD IVU(x)l" dx) 1/" 
holds, then  we say tha t  D is a (q, p)-Poincard domain.  

When  D is a (p ,p)-Poincar~ domain  with some p E [1,n] and there  is a 

funct ion u such t ha t  I(a, D) < co, then  it is enough to  consider a function 

u E CI(D) MW~(D). Namely,  i r a  < 0 and I(a,D) < co, then  u E L 1 = 

{u : ]Vu] E LV(D)} for all p < n. Since D is a (p ,p)-Poincar6 domain  for 

some p E [1,n], we have LI(D) = W~(D), and thus u E W~(D). I f  a > 0 and 

I(a,D) < co, then  u E L~(D) and also u E Win(D). For D is an (n ,n ) -Poincar6  

domain ,  since D is a (p, p)-Poincar6 domain  for some p E [1, n], Thus  u E W~ (D) 

also in the case a > 0. 

The  above yields t ha t  UD < co. 
We recall t ha t  a John  domain  is a (p, p)-Poincar6 domain  for all p, 1 _< p < co. 

We need the following l e m m a t a  when s tudying the cases a E (0, 1 - 1/n]. The  

idea of L e m m a  2.5 is f rom [18, Theo rem 1]. 

LEMMA 2.5: Let D be a bounded domain in R n and let u E W~(D) satisfy 
I(a, D) < co with some a E (0, 1 - 1/n]. If 2 < a l  < a2 and q > n, then there 

exists a constant c = c(n) < co such that 
\ 1/q / 

 (n)lDI1/q (IDl /"al (/D lR(lVul,D)(x)lq dx fl _ 

+ I(a,{y E n : a l  < ]Vu(y)I < au}) 
r log(e qS ~ a ~ / ( . - : )  

q(n-1)/n ) 
+ (log(e+a2))aI(a,{y E D : a2 _< IVu(y)]}) �9 

We may  assume tha t  u E CI(D). The  s tandard  potent ia l  es t imate ,  Proof'. 
[11, Section 7], yields 

(2.1) (/D (/yqD:lVu(y)l<_al} [x-- yll-n]Vu(y)[dy) qdx) 

<_ (fD (fD 'x-- yil-nal dY) qdx) 1/q 

< c(n)aliDI 1/n+l/q. 

1/q 
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For each j 6 N we set 

Ej  = {y 6 D : IVu(y)l > al; 2-Ja2 < IVu(y)l < 2-J+1a2}. 

Then, 

R(]Vu], Ej) < 2-J+la2 f~ ]x - y[1-n dy < c(n)a22-g]Eg] 1/". 
Ej 

Hence, by HSlder's inequality with (n, ~--~), 

R(IVuI,{y e D :  al < IVu(y)l < a2}) = y~R( lVuhEj )  
j----1 

oo 

<_ e(n) E 2-Ja2tEjl 1/" 
j = l  

= c(n) ~ 2-r + 2-Ja2))a(log(e + 2-Ja2)) -a  
j----1 

< c(n) 2-Jna~lEjl(log(e + 2- 'a2))  an) 

oo 
E ( l o g ( e  \ (n--1)/n x + 2-ia2)) -an/(n-D) . 

" j = l  

Here, 

oo 

y~2-J"a'~lEjl(log(e + 2-Ja21) ~n < I(a, {y 6 D : al < IVu(y)l < a2})", 
j=l  

and 

~ f a~12j dr 
E ( l o g ( e  + 2-Ja2)) -an/(n-D <_ 2 E ! r log(e + r)an/(n-D 
j= l  j= l  aa2/2J+l 

f l  a2 dr 
< 2 r log(e + r)an/(n--1) " 

By combining the above we obtain 

(fo )"q (2.2) IR(IVul, {y 6 D :  al < IVu(y)l < a2})(x)lqdx 

dr "~ (n--1)/n 

e(n)]D]l/q~,jla~( f rlog(e + r)an/(n-l) ] <_ 

x I(a, {y 6 D : al < ]Vu(y)I < a2}). 
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The standard potential estimates imply 

(iD )l/q (2.3) IR(Wul, {y E D:  IVu(y)l _ a2})(x)lqdx 

< c(n)lDIXlqq("-~)l" ( S(yeD:iW.(y)i>_<,:} lVu(Y)l" dy) ll'~ 
q ( , - t ) / ,  I(a, {y E D : a2 < Nu(y)l}) .  <- c(n)lnlX/q (log(e + a2)) a 

Estimates (2.1)-(2.3) give the claim. | 

Isr. J. Math. 

Remark 2.6: For a2 > 1 and a E (0, 1 - l/n] 

f l  f l  a~ dr loga2 a2 d r  > = 

r log(e + r)~"/("-1) - r log(e + a2)~"/("-1) log(e + a2)~"/("-l)"  

LEMMA 2.7: Let q > n. Then 

r log(e + r)an/(n-U ] < (10 log(e + q))(n-1)/n, 

ira = 1 - 1/n, and 

( f l  eq dr )(n-1)/n (ql--an/(n--l))(n--1)/n 
r log(e + r )~ / (~-1)  < - - ~ -  ' - k  1 ~-~_~ 

frO < a < 1 -  1/n. 

Proof: A simple calculation. | 

LEMMA 2.8: For any A > e. 

o o  

 A,(log(  + _< A 
j=0 

l Proof: [18, Lemma 7]. 

3.  J o h n  d o m a i n s  

The main results in this section are Theorems 3.2, 3.3 and 3.4. First we formulate 

and prove the following exponential-type inequality. 
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THEOREM 3.1: Let  D C R n be a bounded co-John domain. Let  u e C I ( D )  

satisfy, for some a > O, 

M = sup e a IVu(x)p-' dx < ~ .  
0<e<l D 

Then, i r a  = n / ( n  - 1 + a),  there exist constants ci = ci(n, ~r, co), i = 1, 2, such 

that  
{ lu(x) - u o l h "  

D exp~ c - -~ iS~i~  ) dx <_ c2. 

Proof: Lemma 2.3 with q = a j  = 1/e implies 

/ l u ( x ) _ u D i f A ~  o~ T~fDlU(X)_UDI~Jdx 

j = n  

Tc~j - 1  a "  . " < 7 (c (n lCo  ) )(~J)J < C < ~ ,  
j = n  

whenever r is chosen such that 

(~c(n)col)"a < e -1. I 

THEOREM 3.2: Let D be a bounded co-John domain in R "  and let u satisfy 

I ( a , D )  = ( / D  [Vu(x)[" log(e  + [Vu(x)[)a" d x )  l / "  < oc 

for some a <_ O. Then there exist constants ci = ci(a, co, [D],n), i = 1,2, such 

that /o [lu(x)-,,Dl'~" 
exp,, c -~a ,D))  ) dx < c2, 

where a = n / ( n  - 1 - an). 

Proo~ We consider first the case a < 0 and write a = - a n .  By Remark 2.4(3) 

it is enough to consider functions u 6 C I ( D )  N W~(D) .  We may assume that  

I ( a , D )  < 1. 

As in the proof for Theorem 3.1 

(3.1) e x p \  I ( a , D )  dx ~_ E j! ~(a:-D-)-~ 
D jmn 
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with a number r which will be chosen later. Lemma 2.3 with q = e -1 yields 

(3.2) / u  lu(x) - uDIqdxe x/~'~ 

<_ (c(n)col]DI1/") q sup (e#T f IVu(x)l n-~dx) 1/~("-e) 
O<e<l J D  

~_ (c(n)collnl  1/" sup ((~o'~ ]VIt(x)ln-edx)l/(n-,)) q. 
\ 0<~_<I JD 

We now consider 

(/ M =  sup e ~ IVu(x)l"-~dx 
0<e_<l D 

and study the sets {x : IVu(x)l <_ e} and {x : IVu(x)l _> e} separately. 

If IVu(x)l > e, then 

(21Vu(x)l) '/# 
log(~ + IVu(x)l) < ~/~ , 

and thus 

(3.3) a 1 /D IVu(x)l" e ~ n{x:lv~(,)l>~} IVu(x)l - - - - - - - 7  dx = IDl- la#2 ~ 

fD IVu(x)l n ( log(e + IVu(x)D'~ # x 
~{.:lv.(~)l_>.} log(~ + IW(~)l)) # \ { ~ - i v ; { ~  ) e/a 

O-# 2e 
<_ --(-D-[-I(a, D A {x : IVu(x)] _> e})" 

6ra211n 
<_ w e ( a ,  D)". 

Since 1 1 
I(a, D) <_ 1 and ~ _< n(n - e------- T <- - -  

and we may assume that IDI < 1, estimate (3.3) yields 

(3.4) 

n 2 -- 1' 

dx 

1 IVu(x)ln dx) 1/(n-~) 

(~" ~b-[ f~n(~:,w(~),_>~t IW(*)l ~ 

(., . .  1 dx) < _ Iw(~)l ~ 
a#e(-)21/(-2-1) 

<_ iDl,~/(,~2_l ) I(a,D). 
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Thus,  from (3.2), 

(3.5) iDlU(x)-uDlqdx~ll'~ <_ (c(n)collDl-ll("~-l)a~(")l(a,D)) q. 
If  IVu(x)l < 

inequalities 

imply  

( 3 . 6 )  

71 

e, then Hhlder's inequality with (n/(n- e),n/e) and the 

log@ + IW(~)l) < log@ + ~) = log2e 

f 
r __]Dn{x :lw<x)l_<~} Wu(m)ln-~ dx 

< IDl-1 _J-n{x :lw(x)l<o} IVu(x)l"-~ dx 

- log-~(2e)  

since a > 0. Thus  

i -< \( c(n)c~ D) ) q" 
(3.7) J o ]u(x) - -  U D [q dxe 1/'~ I(a, 

Recall e = 1/q = 1/aj. Hence (3.6) and (3.7) imply  

(3.8) iDeXp(TIu(x) - -  UDi)a 

~- --ff-. (a?) c(n)co 1 a"~(n)iDi-1/(n'-l) + log~/"(2e) < c < oc 
j=n  

for some T. Theo rem 3.2 is proved whenever a < 0. 

The  case a = 0 follows f rom (3.1) and (3.2). We just  use H51der's inequali ty 

with (~-~-7, ~)  in (3.2). I 

LEMMA 3.1: Let  D C R n be a bounded c0-John domain  and let q > n and 

2 < a l .  Then 

ColC(n)lDll/q(lDll/nal + c(a,n)l({y E D :  al <_ ]Vu(y)i})q("-l-"O/n~, 
J 

<_ 
\ / 
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whenever u satisfies I(a, D) < cr with a E [0, 1 - 1/n). 

Proof: Since D is a John domain,  by [15, Lemma 3.3] 

(/o [u(x)- uDlq dx) l/q <_ coc(n) (/D ( fo Ix -Y l l -n lVu(Y) ldy )qdx)  

Lem ma  2.5 and Remark  2.6 imply for a2 = e q > al 

( fD ( fD lx - yll-"Wu(Y)l dy) qdx) 1/q 

< c(n)lD[ 1/q IDll/nal + 
- r l o g ( e  + r)an/(n-l) 

x I(a, {y E D : a l  < IVu(y)l < a2}) 

(log(eq(n-1)/n+ ) + a2) ) I (a ,{y  E O : a2 < IVu(y)[}) 

dr 
<-c(n)lDll/q([Dll/nal+(fla2rlog(e~_-~-)an/(n_l))(n-1)/n 

+ 2I(a, {y  ~ O : al _< IVu(y)l})'). 
/ 

Thus, 

1/q 

The  claim follows. II 

THEOREM 3 . 3 :  Let  D be a bounded co-John domain in R n and let I(a, D) < oo 
with a E [0, 1 - 1/n). Then 

fDexp[A(lU(X) _-_u D - -  \ I ( a ,D) ] )n / (n  1 an)] d x < ~ 1 7 6  

for any non-negative constant A < e -1. 

Proof: By Remark  2.4(3) we may assume tha t  u E CI(D) f3 WI(D). We use 

(fo(fD IX -- YlI-"Vul (Y)ldY)qdx) 1/q 

<_ c(n)lDI1/q(IDI1/nal + c(a,n)I({y E D :  al <_ [Vu(y)I})q(n-l-~'O/n~. 
\ I 
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the modified power series expansion of the exponential function (Remarks 2.4) 

f o  expA ( lU(X) Z UDi'~"/("-a-a") \ I(a,D) ] dx 

r AJ f (lu(x)-UDl'~"Jl("-a-~ 
A..,. . 7 ( i v \  I(a,D) / 3=3o 

with a constant A > 0. By Lemma 3.1 and with q = nj / (n  - 1 - an) we obtain 

f {lu(x) - UDi'~"J/('~-l-"n) . ] ( " - a - " ) / " j  

J, t *(--.,n--5 ) 
"c -a  ".'" iDlal, ( + (ql-o.l(.-,)~ (.-a)l. 

o Ct ) ) ~ t l O l a l " a l  t -f ~ ] < 

I({y �9 D : aa < IVu(y)I}))  x 

aalOil/n 
= c~ I(a,D)ca(a,n)j (n-a-an)/n 

+ I({y �9 n !al < IVu(y)l})~ 

I(a,D) ]" 

We choose aa so large that  

I({y �9 D : a a _~ lVu(y)l}) 
I(a, D) < (2c~ n ) ) - l "  

Then for this ax we fix Jo so large that  

allDIUncotc(a, n) 1 
i (a ,n)c l (a ,n) j (n- l -an) /n  <~ -~ 

with all j > jo. Thus 

"~ fDAJ ([U(X) y_U_D[~'*J/('-~-an) D o  Aj " Z -7. I(a, D) ] dx < IPl __ j a  < oc, 
j=Jo - "=" J! 

whenever 0 < A < e -1. Then for any non-negative constant A < e -a ,  

s exp Di (,,,(x) :,,.i) :'("-'-~ [ \ I(a,D) dx < oc. II 
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LEMMA 3.2: Let D C R n be a bounded Co-John domain and let q > n and 
2 < al. Then 

(SD lu(x) -- UDiq dX) 1/q ~ c~ tDillnal + (l~ + q)) (n-1)/n 

x I({y E O : al < IVu(y)l})), % 

whenever u E W~(D) satisfies I(1 - l ln,  D) < c~. 

Proof: Since D is a John domain, from [15, Lemma 3.3] we obtain 

(SD ,u(x) -- UDiq dx) llq <<_ Col C(n) ( f D ( SD Ix- Yl~-'lVu(y)l dy) q dx) I/q 
The claim follows from Lemma 2.5, Remark 2.6 with a2 = e q and Lemma 2.7. 

I 

THEOREM 3.4: Let D be a bounded co-John domain in R n and let u E W~(D) 

satisfy I(1 - l /n,  D) = I(D) < c~. Given any positive constants A1 and A2 < 1 
such that A1A2 < 2e -1, then there is A3 > 0 such that 

foexp[alexp(A2(lu(7(SD;~l)n/("-l))] dx < A3 < c~. 

The constant A3 does not depend on the gradient of u. 

Proof: Let u E W~(D) N CI(D). We use the power series of the exponential 

function 

fDexpZ~(expa2(lu(z)-~(D;DI)~/(n-~) ) dx 

~ ~-~ ~. A~ Jof ( expZ: ( iu (7 (DCO[)~ ' ( " - l ) )  i dx 

A~ (Azi)J f /'lu(z)- UDI~ "j/("-~) 
i=io J=jo 

We fix i0 and jo later. By Lemma 3.2 with q = nj / (n  - 1), 

fD ( lU(x)-- uDl ~"Jl("-l) \ I(D) ,} dx 

<_ (c(n)col) nj/(n-1) ID[ (log(e + j))J 

( LPl~/"al I ( { y E D  :al < IVu(y)l})~ q. 
• \ ( log(e  + j))JI(D) + -I-~D~ ] 
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We choose al so large that  

I ( {y  e D : al <_ [Vu(y)[}) 1 < 
I(D) 2(2n-1)/nc(n)eo 1" 

Then we choose Jo so large that  

[D[1/nal 1 
< 

(log(e + j))JI(D) ~(2n-1)/nc(n)CO 1 

for all j _> jo + 1. Thus Lemma 2.8 implies, since we may choose i0 so large that 

A2i > 2e for all i _> io, 

) . .  , ,  io ( o, 
i=io j=jo 

_< ~. . (log(e + j))J 
imio jmJo 

_< ID[ -~. <_ [D[ ~-~\ ~ ] g < co, 
imio i=O 

whenever A2 < 1 and A1A2 < 2e -1. II 

4. M o r e  irregular d o m a i n s  

Our goal is to give geometric criteria for domains where Sobolev inequalities of 

exponential type hold. We need the following definitions in our decomposition 

theorems. 

Subsets Ao, A1 , . . . ,  Ak of R n are said to form a chain, written as C(Ak) = 
(A0, A1 , . . . ,  Ak), if and only if A~ fq Aj r 0 whenever [i - j[ < 1. 

Let 142 be a family of domains D C R n. We say that 142 is a decomposition of 

G = UD~w D if 

x (x) _< Cl 
DEW 

for all x E R n and there is a domain Do E }/Y such that  for each D E W there is 

a chain C(D) = (Do, D 1 , . . . ,  Dk) of domains Di in }42 with 

max{[Dd, IDi+I[} _< c2[Di fq Di+l[ 

for i = 0, 1 , . . . ,  k - 1; here ci, i = 1, 2, are constants. 

An example of a decomposition of a domain G is its Whitney decomposition 

when we take dilated Whitney cubes. We consider this special case in Section 5. 
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Further, for a fixed set A �9 W we write 

A(W) = {D �9 WIA �9 C(D)}. 

We present a decomposition theorem which we later apply to more irregular 

domains than John domains. 

THEOREM 4.1: Let W be a family of co- John domains D in R n. Let W be 

a decomposition of the domain G = UDew D where G has finite n-measure. 
Suppose that 

E f_  :ff:{A : A �9 C(D)} q-1 dx <_ c3(G)qlAI , / ' ( ' - l /q )  
e.Ar 

J / )  D ) 

for A �9 }/Y, where, q >_ qo(D) and Cl, c2, and c3(G) are constants. Then there 

exist constants ci = ci(cl, c2, c3, [G[, n), i = 4, 5, such that 

(4.1) / ( c 4 I ( a , G ) )  dx<_c5, cexp lu(x) 

whenever u �9 W~(G) satisfies I (a ,G)  < oo, a = n / ( n  - 1 - an), and a < O. 

I ra  = O, it is enough to assume that 

E f _  # { A  : A �9 C(D)} q-1 dx <_ c6(G) 
d l.) D E A ( W )  

for all A �9 YY. 

Remarks: 

1. A union of John domains in Theorem 4.1 need not be a John domain. We 
consider a large class of irregular non-John domains in Section 5; they satisfy 

the so-called quasi-hyperbolic boundary condition. J. V~iis~il~i has considered 

conditions on John domains when the John property is preserved under a union 

[241. 
2. A union of bounded co-John domains in Theorem 4.1 could be an unbounded 

non-John domain with finite n-measure. There is a planar tunnel example due 

to V/iis~il~i: 

oo 2 ~ 

c=UUB, 
i = l j = l  

where B~ = B 2 ( i _  l + J - 1  1 )  
2--~-, ~ , 

j ----- 1 , . . . , 2  i and i = 1,2, . . . ;  here B2(x , r )  = {y �9 R 2 : I x -  Y[ < r} . Theorem 

4.1 shows that  the inequality of exponential type (4.1) holds for every a < 0 
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in the tunnel domain G. Hence, in particular, the classical Trudinger inequality 

holds there, too. This shows that our decomposition theorem extends the class of 

domains where the Trudinger inequality is known to hold. Note that the domain 

G does not satisfy the quasi-hyperbolic boundary condition which we recall in 
Section 5. 

Our proof makes use of the power series expansion of the exponential function 

and a chaining argument. As a starting point we need the following simple 

lemma. 

LEMMA 4.1: Let D C R n be a domain with finite n-measure. Let F : [0, oc) --~ 

[0, co) be a convex, continuous, increasing function. Then for a11 u from an 
appropriate class and all c E R, 

fz) F(lu(x) - unl) dx < fD F(2lu(x) - cD dx" 

Proof'. The claim follows from the definition of convexity and Jensen's inequality, 
[14, p. 440]. | 

Proof of Theorem 4.1: Let W be a given decomposition of the domain G C R n. 

If Do E W is a fixed set, then for each set D C W there is a chain of sets joining 

Do and D, abbreviated by C(D) = (Do, D1, . . . ,  D). We denote 

(/o I(a, G) = ]Vu(y)]" log(e + IVu(y)]) "n dy , 

and recall a = n/(n  - 1 - an). We may assume that I(a, G) < 1. It is enough to 
estimate the sum 

1 v a 
(4.2) ~ ~ - i ( ~ )  ' r  lu(x)--UDor ' dx, 

j=Jo 3" ( , ) J a  

where T > 0 will be given later and jo is a suitable integer which depends on G. 

Thus q > ~jo _> 1. The triangle inequality yields 

.oo,~ 

<-- 2aJ ( D ~ w / D  lU(X) -- UDlaJ dX q- D~w /D lUD -- UDolCtJ dx )" 

Let a = - a n  and a < 0. Recall that  

I(a,D) = ( /D 'Vu(x)[nl~ + 'Vu(x) ' ) )  1/n 
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The John domain estimates (3.5) and (3.7) imply 

D lU(X) -- UDI aj dx < c(n, a)~J(aj)JlDl( (iD1-1/(n2-1) + 1)I(a, D)) ~j. 

Hence, 

(4.4) .~wiD lu(x) --UDlaJ dx <_ c(n,a,G)~J(aj)JlGlI(a,G)C~J. 

To estimate the sum 

D~wiD lUD -- UDo' aj dx 

we apply a chaining argument and obtain 

k a j  

uo+., ) 

io(  1 so )o' - ~ ~ I~(y)-u-,fdY d~. 
DEW = i 

A modification of Lemma 2.3 gives 

( fD IU(X) -- UD, II/~ dx) ~e'/<']D,V ~-1/'~+1/(n-~) 
\ 1/(,,-~) 

<--c(n)c~ oSU71 ( ea fo, IVu(x)ln-e dx) . 

By using estimate (3.3) on the set {x : ]Vu(x)l _> e} and estimate (3.6) on the 
set {x : ]Vu(x)] < e} we obtain 

(fD lU(x) -- uD, I~I~ dx) ~e~I<'ID, I -~-11'~+~1("-~' < c(n,a, co, G)I(a,D,). 

Hblder's inequality with (a j, ~--~--) and the above estimates yield 
t r  

1io (io IDol , l u (y )  - u . , I  dy  <__ IDol - ~ + M / < ' s  ~ l u (y )  - ~D,I <'s dy 

< c(n, a, co, G)e-ll'~lDillln-ll(n-~)S(a, Di), 

where a j  = q = e -1. Thus 

D~wiD lUD -- UDo' <~:s dx 

<_ c(G)<~J(aj) j IDillln-ll('~-r Di) dx. 
DEW *-" x i = 0  
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We show that 
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(4.6) IDiltln-ll(n-llq)I(a, Di) dx ~_ cS(a, G) q 
D61~ ~=0 

for some c ---- c(n, a, Co, G) q. When we change the order of summation on the left 

hand side of the above inequality we obtain 
! 

]Di]l/'~-l/(n-1/q)I(a, Di dx 
D6~4; z=0 

D E W  J D AEC(D) 

= fo #(BIB e C(D)} q-ldx[Al-1/'~(n-t/q)I(a,A) q. 
A6142 D6A(I&) 

Hence, to obtain 

~_, /Q ID, ll/'-~/(n-1/q)I(a,D,) dx <_ c(G)ql(a,G) q, 
D 6  VV 

it is enough to have 

f_  #{BIB E C(D) } q-1 dx < clAI 1/'~("-1/q) 
D6A04; )  

J D  

for some c < oo, which was the assumption. 

Combination of estimates (4.2)-(4.6) gives us 

f_ lu(x)-~Dol ~ dx-- ~ f_ lu(x)- ~Dol ~ d~ < ~(G)oJ(.j?i(a,c)o~. 
d(J 

D6I/V d/_) 

The end of the proof is similar to the end of the proof for Theorem 3.2. The 

proof is complete in the case a < 0. 

~t n If a = 0, we apply HSlder's inequality with (A-:7-~, 7) to the John domain 
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estimate of Lemma 2.3. Thus, we have 

D~ld) f D lUD -- UDo I c~j dx 

<_ c(G)"J(~J) j ~ f (s162 
DEW D ki=o 

x 
A6W D6A(~4;) 

< e(G)q ( / G  ]Vu(x)]n d x )  q/n 

by the assumption. Hence we have estimated the latter part ,  when a = 0. 

Since the first part  follows immediately by HSlder's inequality, the case a = 0 

follows. | 

We show in Section 5 that  there is a large class of domains which satisfy the 

requirements of the decomposition theorem. 

THEOREM 4.2: Let W be a family of Co-3ohn domains D in R n. Let W be 

a decomposition of  the domain G = UDew D where G has finite n-measure. 

Suppose that 

oZ L #tA e w : A �9 C(D)}"J dx <_ c3(G,a,n)  j 

where c~ = n / ( n  - 1 - an), and a 6 [0, 1 - I /n ) ,  for all j >_ jo. 

Then there are constants c4 > 0 and c5 such that 

f f lu(x) - ~cl) '~ 

whenever u 6 W 1 (G) satisfies I(a, G) < oc. 

Proof of  Theorem 4.2: Let W be a given decomposition of the domain G C R n. 

If  Do 6 W is a fixed set, then for each set D 6 W there is a chain of sets joining 

Do and D, abbreviated by C(D) = (Do, D 1 , . . . ,  D).  I t  is enough to estimate the 

s u m  

3 =30 
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where T > 0 will be given later and Jo is a suitable integer which depends on G. 
Thus q > c~jo >_ 1. The triangle inequality yields 

iG l i t ( X ) -  UD~176 dx < E io lu(x)-UDol <~j dx 
DEW ~ 

--~~ z f ,o(x,- ~o,o, ~.+ z j; ,oo- ~oo,O, ~x) 
\D 6-]4; d D D6YV 

The John domain estimate in Lemma 3.1 for 2 < al implies 

<_ (Co~ C(n) )lDI ~1~ ( IDIll'~ al 
(c~j)ll<~(n - 1)(n-1)/,~ ) 

+ 2 (n - 1 - na)("-l)/'~ I(a, {y 6 D : al <_ IVu(y)l}) 
/ 

-< c~ c(a' n)lDl~l<~S/l<" (IGl~l"a~jll----------J- + S (a, G)I  

We choose Jo so large that 

with j > Jo. Hence, 

IGl i l '~a i 
jll<~ < S(a, V) 

E ID lUD - U D  0 I aj  dx 
DEW ~ 

<_ lUD, -- UD~+I I dx 
" i = 0  

<2  _ ~ , lu(y)-uD'lev ex 

so(  <_2 ~ IDol lu(y)-uD, I <'dy) ) dx. 
D6W "= i 

fD lu(x) -- UDI'~J dx < (ColC(n, a))'~JjJiGiI(a , G) <~j. 
DEW ~ 

To estimate the sum 

E f D  IuD -- UD~ dx 
DEW 

we apply a chaining argument plus H51der's inequality with (a j, ~aj-1 ) and obtain 
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Lemma 3.1 for 2 < al as above gives 

. ~  iV, p/o j , lu(y)- uD~l ~' dy) 

k n--1 
<~ i~=o COi C(n) (allDI1/n + ( ( n ~ l ~_~ an ) 

< ColC(n)#{A E W : A E g(Dk)}c(n, a)jl/'~I(a, G). 

Thus, 

(n-1)/n(oo1/c')jl/aI(a , G) 

D•),V/D lUD -- UDo I ~j dx 

< (Colc(n)c(n'a))'~J( Z JD # { A c  W : A e  C(Dk)} ~j dx)jJI(a,G) cO. 
" DEW 

Hence 

fD I~D - ~D01 "5 dx 
DEW 

DEW ,1 D 

and further, 

~ 1 .  T .o~j f 
~=jo~.(i(~,G~ ) ]-clu(x)--UDol " dx 

( ) _< . . -fi.(TCo lc(n'a))'~jjj 1+ ~-'DeW fD #{A e WIG [ : A e C(D)}aJ dx 
3 =30 
oo (rColc(a, n)c(D))~jjj" 

<_ ~_, j~ 
j=jo 

As soon as we choose T small enough the claim follows. | 

5. Conditions with quasi-hyperbolic metric 

We consider a general example of the decomposition we defined in Section 4, 

namely a Whitney decomposition )4) of a given domain D. This decomposition 

holds for all domains. By using a Whitney decomposition we obtain a geometric 

criterion for the validity of Trudinger's inequality in an arbitrary domain with 

finite n-measure. 
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If Qo is a fixed Whitney cube, then for each Whitney cube Q, there is a chain 
of dilated Whitney cubes joining 9Qo and 9Q, C(9Q) 9 9 = ( Q0, 
We drop off 9 from the front of Q just to keep the calculations neater. From now 

on, we denote 

)IV = {8Qt Q is a Whitney cube}. 

The chain C(Q) can be chosen so that  the number of cubes in this chain C(Q), 

Q E YV, of dilated Whitney cubes can be estimated by means of the quasi- 
hyperbolic distance between points xl,  x2 E D, defined by 

kD(Xl,X2) = inf f 
dz 

"~ J'r d(x, OD)' 

where the infimum is taken over all rectifiable curves 7: [0, l] --+ D, parametrized 

by arc length, joining xl to x2 in D. The number of cubes in C(Q) is comparable 

to kD(Qo, Q). 

LEMMA 5.1 ([13, Proposition 6.1]): Let )IV be a Whitney decomposition of a 

domain D C R '~. I[ Qo E )IV and xo E Qo are fixed, then for each Q E W there is 

a chain C(Q) of dilated Whitney cubes joining Qo and Q such that for all x E Q 

# { B  E W[B E C(Q)} < c(n)kD(xo,x) + 1 < 5c(n) (#{B E WIB  E C(Q)} + 1). 

Further, we write 

A(W) = {Q E W: A E C(Q)} 

for each A E 14; on a domain D. 

We give a general condition for a domain D which enables us to show that a 
Trudinger-type inequality holds in D, Theorem 5.1. We show in Theorem 5.2 

that there are domains which satisfy the condition given in Theorem 5.1. 

THEOREM 5 . 1 :  Let D C R n be a domain such that 

l -  kD(xo, Q)q-1 dx < c[A[ Ilk(n-I/q) 

QEA(W) 

for A E W. Here, q >_ 1 and c < e(D) q is a constant. Then there exist constants 

ci = ci(a, co, ID], n), i = 1, 2, such that 

/ .o,)O 
Dexp c l I (a ,D)  dx _< c2, 

whenever E W (D) satisfies D)  < = - 1 - a n ) ,  a n d  a < 0.  
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Ira = O, it is enough to assume that 

e~A(W JQkD(xo,Q)q-l dx ~- c 
Q ) 

for all A C W. Here, c < c(D) q is a constant. 

Proof'. Just use Theorem 4.1 and Lemma 5.1. | 

Remark: Domains which satisfy the conditions in Theorem 5.1 are 

(p, p)-Poincard domains with some p by [13, Theorem 6.6]. 

QUASI-HYPERBOLIC BOUNDARY CONDITION DOMAINS. 

We show that a quasi-hyperbolic boundary condition domain D with a constant 

b satisfies 

f kD(xo, O) q-1 dx <<_ c(D)qlAI 1/2b-~, 
Q~A(W) JQ 

where 5 > 0 is arbitrarily small. 

A domain is a quasi-hyperbolic boundary condition domain, if there exist 

x0 E D and b _> 1 such that  

blog(1 + Ix - x01 (5.1) kD(xO, x) <_ 
min{d(x, 0D)~ d(x0, OD)} / 

for all x E D. 

John domains form a proper subclass of quasi-hyperbolic boundary condition 
domains. An example of a non-John domain which satisfies (5.1) is a domain 

which is formed from a square to which an infinite number of small triangles are 

attached. An example is presented in [10, Example 2.26]. 
A quasi-hyperbolic boundary condition domain satisfies a Whitney cube 

#-condition, [20, Corollary 2] and [17, Lemma 3.9]. This means that there 

exists ko _> 1 such that  for all k > ko 

#{Q e ),V]IQ I -~ 2-'~klDI} _< c(D)2 ~k, 

where A < n. 

We need the following lemma. 

LEMMA 5.2: Let D C R n be a quasi-hyperbolic boundary condition domain with 
a constant b. Let A be a cube in a Whitney decomposition of D. Suppose that 

1 < q. Then there is a constant c = c(D) such that 

E fQ kD(XO'X)q-ldx <- cqtA]I/2b-* 
QEA04 ~) 
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where 0 < ~ is arbitrarily small. 

Proof'. Fix A in a Whitney decomposition of the domain D. By [13, Lemma 

7.25] 

IA1112~ > IQI 
for all Q ~ A(W). We write 

Bj = {Q E A(W)t2  -(j+l)'~ < IQIIIAI li2b < 2-J"} 

for j = 1 , . . . .  Since D satisfies a Whitney cube #-condition, we obtain 

QeA----W( ) JQ '  -- ' 
OCD 

< c(b, D)qIAI l/:b ~ jq2 (x-n)j 
j----1 

~_ c(b, D)qlAI 1/2b-~, 

where A < n and 5 > 0 is arbitrarily small. I 

Remark: A domain D satisfying a quasi-hyperbolic condition is a 

(p0,P0)-Poincard domain where P0 < n is the Minkowski dimension of the 

boundary of D, [6, Remark 3.8]. Hence, by Remark 2.4(3) it is enough to con- 

sider function u E Cl (D)  N W~(D) and as soon as I(a, D) < oc, and by Remark 

2.4(3) the integral average of a Cl-function over the domain is finite as soon as 

I(a, D) < co. 

THEOREM 5.2: Let D C R n be a quasi-hyberbolic boundary condition domain 
with a constant b. Then there exist constants ci = ci(a, co, D,n) ,  i = 1,2, such 
that 

dx < c2, 

whenever I(a, D) < oc, (~ = n / ( n  - 1 - an) and a < 0. 

Proof'. Lemma 5.2 implies that  if q > 1, 

iQ kD(x~ Qlq- l  dx <- cqlAll/2b-~' 
QcA(w) 

where 5 > 0 is arbitrarily small. The constant cl -- Cl (D) does not depend on 

q. According to Remark 2.4(1) it is enough to have Jo such that  q = ajo >_ 1. 
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Hence for a quasi-hyperbolic boundary condition domain D we obtain 

~ fQkD(xo, Qlq-ldxlAl-1/"("-l/q)(I(a, Al) q 
A6VV QEA(I,V) 

<_ c~ ~ IAll /2b-~lAl-~/"("-l /q)(I(a,A))  q. 
A E1/? 

We may assume ]A I < 1. Thus, 

Z Z f kD(x~ dxlAl-1/"(n-1/q)(I(a'A))q <- cq(I(a'D))q' 
AE]4; Q6A(ld;) JQ 

whenever 
n(1/2b - 5) 

q>_ 
n2(1/2b - 5)  - 1 

and 5 > 0 is arbitrarily small. This means a lower bound for j which is allowed 

by Remark 2.4(1). This yields the claim, when a < 0. 

If  a -- 0, the claim follows more easily since it is enough to assume 

fQ kD(X, Xo) q-1 dx < c(D) q. 
QeA(W) 

Remark: As we showed in Remarks 2 in Section 4, there are domains other than 

those with a quasi-hyperbolic boundary condition where Sobolev inequalities of 

exponential type hold and, in particular, the Trudinger inequality holds. 

THEOREM 5.3: Let D C R n be a bounded domain. Suppose that 

DkD (Xo, X) q dx <_ c(n) q < co 

for all q > n. Then for any constant A > 0 

i(o ) 

where ~ = n / ( n  - 1 - an) ~r a e [0 ,  1 - 1/n),  wheneve~ u e W : ( D )  satisnes 

I(a, D) < co. 

Proof'. The proof for Theorem 5.2 yields the claim for some coI~stant A, since 

for each D 6 )4; 

# { A  6 14; : A 6 C(D)} ~ e(n)kD(Xo, x) 

where x0 6 Do and x 6 D. The fact that  the claim is true for any A follows as 

in the proof of Theorem 3.3. | 
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THEOREM 5.4: Let D C R'* be a bounded domain. Suppose that 

SDkD(Xo, X) q dx <_ c(n) q < oo 

for a11 q > n and let u E W~(D) satisfy I(D) := I(1 - lln, D ) < oo. Then given 
positive constants A1 and A2 < 1 such that  A1A2 < 2e -1 there is A3 > 0, which 
does not depend on the gradient of u, such that 

SD expAl (expA2 ( i u ( ~ d D i  ) n/(n-1) ) dx < A3 <oo. 

Remark: I t  is well known, [13, Theorem 7.7] and [20, Corollary 11], that  for 

domains D satisfying a quasi-hyperbolic boundary condition 

f kz)(~o,x)qdx <_ < oo e(O) q 

for all q > n. 

Proof of Theorem 5.4: The power series of the exponential function yields 

i~, , , , [ t~'(x) - Uqo I exp 'a '  cexp-a2 I t 7(7)  7 )~l(n-1))dx 
O 0  " - -  ' 

~ EA~I SD { -- ['lU(X)--UOol) n'('~ '))'  ,=,o-T. t, exp~t, 7ff)] dx 

"~- E ~. A~l (A2i)Jj! Jo f \(lu(x)7(7:)]- uool nj/(,,-1) & 

i=io j =jo 

< E z~l (A2i)J2~JI('~-I)(V" f l u (  uql ,~jl(~-l) 
- - ~ . . .  -~7 i ._ ,  dx 

i=io 3=)o 3. \QeW Jq 

+Q~wSQ(I~s~)Q~ 

Lemma 3.1 yields an estimate of the sum 

- UQI  , , J / ( , , - x )  dx. 
sqt ) 

We choose q = nj/(n - 1) in Lemma 3.2. Thus 
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<_ Y~ c(n)"Sl("-~)lQl(log(e + j))J 
QEW 

( LDI'/"al I ( { y E D  : a i  < tw(v)l}))  q 
x \ (log(e + j))JI(D) + " I -~  ) 

We choose al  so that 

I({y E D : ai _< lVu(y)l}) < i 
I(D) - 2(3n-i)/'~c(n)" 

We choose jo large enough so that 

IDlil"ai 1 

(log(e + j))JI(n) <- 2(3n-i)l'~c(n)" 

Thus, 

. . . .  dx < Q~W 2(l+n-7~-l))J I gt 3)) �9 

Hence by Lemma 2.8, for io so large that A2i > 2e with all i > io, 

~. J! JD \ I(D) 
i=io J=Jo 

A~ (log(e + j))J < 7 .  . 
i=io j=jo 

_< IPl ~ < ~ ,  
i=io 

dx 

whenever A2 < 1 and AiA2 < 2e - i .  

The estimation of the second sum 

is more complicated. By using a chaining argument and HSlder's inequality with 
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(q, q--~l) we obtain, with Q =: Qk, 

89 

Q ~ W f  D [uq - UQo y / (~ -~)  dx 

k - i  )nj/(n--1) 
_< .. 

QEW Q -- 

,2ESQ(i_~o 1 (S Q )I/q).,l(.-') Qew _ lQilll q ~ lu(Y)-UQ, lqdy dx. 

As in the first case with q = n j / (n  - 1), 

lu(x)-UQ.Iqdx) 1/q 
s = O  s 

k 
<- E 2-2+llnlQslllq-llq(l~ + j))(n-1)/ .  

s-~O 

x (log(e + j ))JI(D) + -I?D~ " 

We choose al so that 

I ({y  e D : al <_ [Vu(y)[}) < 1 
I(D) - 22(cl(n)c(D) + [D[)' 

where cl (n) is the constant from Lemma 5.1. and c(D) is the constant from the 

assumption. We choose J0 large enough so that 

ID[1/nal 1 
(log(e + j ))JI(D) <- 22(cl(n)c(D) + ]D[)" 
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Thus, 

) A', (A~2,,/(,,-1)i? X-" f (I~Q-~Qol . j / ( . -1)  
-~. j! o•JQ \ I(D) dx 

i=io j=jo 

- - V .  j~ 
i=io j=Jo 

/o(z • E (2(3"-x)/'~(cl(n)c(D) + [nl) l - l ( l~ + J))(n-Wn 
QE ~.'V AeC(Q) 

<2 ~ A/~ ~ (A2i)J 
- . . ~ . . .  (2(2ct(n)c(D) +21D[)"/(n-1))jj! 

~--~'0 J =JO 

x ~ /Q(cl(n)kD(Xo, x) + 1) q dx(log(e + j))J 
QEW 

_<4 ~ ~ ~ (A2i)J (l~ §  j))j" 
i=io J=Jo 

dx 

By Lemma 2.8, when we choose io so large that A2i > 2e, we obtain 

w A~ 1 A2i A~ ' 
W ~. ( -~ - ) '  (log(e + j ) ) J  _ < 

i=io j=jo i=io 

whenever A2 < 1 and A1A2 < 2e -1. The claim follows. | 
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